Indices & Index Laws; Exponential Functions; Differential Calculus – Notes

Find an equation of the tangent to the curve y =  at the point where x = –1.
y =  –  → y’ =  +  → x = –1 → y’ = 3 → y = 3x + c → (–1, 2) → c = 5
y = 3x + 5

Find the coordinates of the point(s) on the curve y =  + x with a gradient of 0.
y’ =  + 1 = 0 → x2 = 1 → x = 1 → (1, 2), (–1, –2)

The curve y = ax3 + bx2 + 4x + 1 has a gradient of 2 at the point (–1, –4).  Find a and b.
y’ = 3ax2 + 2bx + 4 → 3a – 2b = –2 → –a + b – 4 + 1 = –4 → –a + b = –1
3a – 2b = –2, –3a + 3b = –3 → solve simultaneously → b = –5, a = –4

Given that y = ax3 + bx2 + 2 has a tangent with equation y = –4x + 5 at the point where x = 1, find a and b.
y’ = 3ax2 + 2bx → x = 1 → 3a + 2b = –4 → (1, 1) → a + b = –1
3a + 2b = –4, 3a + 3b = –3 → b = 1, a = –2

A curve has equation y =  +  – 4x + 1.  The points A and B lie on this curve and the tangents to the curve at A and B are parallel to the line 2x – y = 5.  Find the coordinates of the points A and B.
y’ = x2 + x – 4 = 2 → y’ = (x+3)(x–2) → x = –3, 2 → (–3, 8.5), (2, )

The tangent to the curve y = x3(x + 2) at the points where x = 1 and x = –1 met at the point Q.  Find the coordinates of the point Q.
y = x4 + 2x3 → y’ = 4x3 + 6x2 → x = 1 → y’ = 10 → y = 10x + c → (1, 3) → c = –7
x = –1 → y’ = 2 → y = 2x + c → (–1, –1) → c = 1
10x – 7 = 2x + 1 → 8x = 8 → x = 1 → (1, 3)

The curve has equation y = (x – 2)(2x2 – 5x + 2).  The points A and B lie on this curve.  The tangents to the curve at A and B are parallel to the line 12x – y = 5.  Find the coordinates of the points A and B.
y = 2x3 – 5x2 + 2x – 4x2 + 10x – 4 = 2x3 – 9x2 + 12x – 4 → y’ = 6x2 – 18x + 12 = 12 =
6x(x–3) = 0 → x = 0, 3 → (0, –4), (3, 5)

Use an appropriate derivative to evaluate  giving your answer in exact form.
(1 + )2 |x=5 → 2(1+) x  |x=5 →  |x=5 →  + 1 =  + 1

Simplify each of the following, leaving answers with positive indices.
[a] 
 =  = 

[b] 
 =  = 2

[c] 
 =  = 2

[d] 
 =  = 3n–1

[e] 
 = 

Solve for t.
[a] 32t+1 = 81
2t + 1 = 4 → t = 

[b] 41-t = 32
2(1–t) = 5 → 2 – 2t = 5 → t = 

[c] 52+t = 
2 + t = –3 → t = –5

[d] 5t x 25t–1 = 0.04
t + 2t – 2 = –2 → t = 0
[e]  = 4
2t + 1 – 1 + t = 3t = 2 → t = 

Solve for x in (2x)2 + 2(2x) – 8 = 0.
(2x + 4)(2x – 2)
2x = –4, 2 → x = 1

Solve for x, 32x+1 + 8(3x) – 3 = 0.
3(3x)2 + 8(3x) – 3
3y2 + 8y – 3 = 3y2 + 9y – y – 3 = 3y(y+3) – (y+3) = (y+3)(3y – 1)
3x = –3,  → x = –1
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Comment on the difference between your answers in part [b] and [d].
Answer in [d] is the rate of change at that instant in time.
Answer in [b] refers to the average rate of change within an interval of time.
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The population of a particular endangered species of animal is declining exponentially.
The populations in 2000, 2005, 2010 and 2013 were thought to be as follows.

Year 2000 2005 2010 2013
Population 5760 4460 3450 2960
@ By what percentage is the population declining each year?
b Predict the population for this animal in the year 2025.

Solution
a  Consider the period 2000 to 2005.

If each year the population is multiplied by r, then 57607° = 4460

_ 4460
5760

460
5760

=0.95

Thus r=3

Consider the period 2005 to 2010.
If each year the population is multiplied by r, then 44607° =3450

53450
4460

Thus r=5ﬂ
‘J4460

=0.95
"Thus, each year the population is multiplied by 0.95 (i.e. a 5% decrease per year).
Check: For 2010 to 2013, 3450 x 0.95% = 2960, as required.
The population is falling by 5% each year.

b By the year 2025, the population will be roughly 5760 x 0.95@025 = 2000
= 5760 x 0.95%
= 1600

By the year 2025, the population will be roughly 1600 (assuming the rate of decline for the
given years continues).
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The graph on the right shows an exponential growth situation 1000
with the variables 4 and ¢ related according to a rule of the form 900
A=kd fora>1. 800

700

Determine 600
the value of A when 1= o0

a e value of 4 when =5, 400
b the value of A when r=8, 300
200

¢ the constants # and &, 100

d the value of 4 when £ =0, B e

& the value of £ (correct to one decimal place) for which 4 = 4000,
assuming that the growth rate suggested by the graph continues.

Solution
@ From the graph, when =35, A=400.
b From the graph, when =8, A=875.
¢ Exponential growth is involved. Thus, from £ = 5 to £ = 8 we have multiplied by 4 three times.
Thus 4002* = 875
Y2.1875
298
The relationship is of the form A=k(1.298)
But when 7= 5, 4 = 400. £.400 = k(1.298)°
k=109
Thus 2 = 1.298 and & = 109.
d  The relationship is of the form A=109(1.298)
"Thus when =0 A=109(1.298)°
=109
When =0, 4 = 109.
& The relationship is of the form A=109(1.298)
Thus, when 4 = 4000 4000 = 109(1.298)"

(1.298) = 36.70
Solving by calculator or by trial and adjustment t=13.8, correct to one decimal place.
Thus 4 = 4000 when #=13.8.

Note: With A = ka' then when ¢ =0, 4 = . Thus had the graph in the above example shown
where the curve cut the vertical axis, this point would have given us the value of k directly.




